Release 12 for D2D (Device-to-Device) communications. In Mode 3, the cellular network selects and manages the radio resources used by vehicles for their direct V2V communications. In Mode 4, vehicles autonomously select and manage their radio resources without any cellular infrastructure support. To this aim, Mode 4 defines a sensingbased Semi-Persistent Scheduling (SPS) scheme that vehicles must implement to autonomously select their radio resources without the assistance of the cellular infrastructure. Mode 4 is highly relevant since V2V safety applications cannot depend on the availability of infrastructure-based cellular coverage.
Recent studies have analyzed the performance of C-V2X Mode 4, and compared it to that achieved with IEEE 802.11p standards such as DSRC or ITS-G5 [3] [4] . These studies are based on network simulations, and to the authors' knowledge there are no analytical models of the C-V2X Mode 4 communication performance in the literature. Existing and recent C-V2X analytical models focus on C-V2X Mode 3 where the radio resources are managed and assigned by the infrastructure. For example, [5] proposes analytical models using combined Markov chains to evaluate the performance of different scheduling schemes in C-V2X. [6] analytically models C-V2X Mode 3, and compares its scalability to that of IEEE 802.11p. The authors utilize the model proposed in [7] to analyze the beaconing resource occupation. Prior to [5] and [6] , other studies have reported analytical models for V2I (Vehicle to Infrastructure) communications using LTE. For example, [8] proposes a M/M/m queuing model to evaluate the probability that a vehicle finds all channels busy, and to derive the expected waiting times. An analytical framework is proposed in [9] to compare IEEE 802.11p and LTE in terms of the probability to deliver a packet before a deadline. This study considers that vehicles transmit their packets in an uplink channel to the LTE base station, and the base station retransmits the relevant packets to each vehicle over a downlink channel.
Analytical models are an important evaluation tool to provide information about the performance under a wide range of parameters and conditions. Analytical studies can then be complemented by more comprehensive, but also more computationally expensive, network simulations. In this context, this paper presents and validates the first analytical models of the communication performance of C-V2X Mode 4. The models provide the average PDR (Packet Delivery Ratio) as a function of the distance between transmitter and receiver. In addition, the models quantify the four different types of
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Manuel Gonzalez-Martín, Miguel Sepulcre, Rafael Molina-Masegosa, Javier Gozalvez packet errors that affect C-V2X Mode 4 [10] : errors due to half-duplex transmissions, errors due to a received signal power below the sensing power threshold, errors due to propagation effects, and errors due to packet collisions. The accuracy of the proposed models is validated by comparing their results to those obtained using a comprehensive C-V2X Mode 4 network simulator developed over Veins and presented in [10] . The model is validated for a wide range of transmission parameters and traffic densities. In particular, the model has been validated for several transmission power levels, Modulation and Coding Schemes (MCS) and subchannelizations, and packet transmission frequencies.
II. C-V2X MODE 4
A. Physical layer C-V2X utilizes SC-FDMA and supports 10 and 20MHz channels. Each channel is divided into sub-frames, Resource Blocks (RBs), and sub-channels. Sub-frames are 1ms long (like the Transmission Time Interval). A RB is the smallest unit of frequency resources that can be allocated to a LTE user. It is 180kHz wide in frequency (12 sub-carriers of 15kHz). C-V2X defines sub-channels as a group of RBs in the same sub-frame. The number of RBs per sub-channel can vary. Sub-channels are used to transmit data and control information. The data is transmitted in Transport Blocks (TBs). A TB contains a full packet to be transmitted, e.g. a beacon or a CAM (Cooperative Awareness Message)/BSM (Basic Safety Message). TBs can be transmitted using QPSK or 16-QAM and turbo coding. Each TB is transmitted with a Sidelink Control Information (SCI) that occupies 2 RBs in the same sub-frame, and represents the signaling overhead in C-V2X Mode 4. The SCI includes information such as the modulation and coding scheme used to transmit the TB, and the RBs used to transmit the TB. Its correct reception is necessary for other vehicles to be able to receive and decode the transmitted TB. The maximum transmit power is 23dBm, and the standard requires a sensitivity power level at the receiver of -90.4dBm [11] . Fig. 1 (left part) illustrates the C-V2X sub-channelization when the available bandwidth is divided in 4 sub-channels and the control information is adjacent to the data. 
B. Sensing-based Semi-Persistent Scheduling
In C-V2X Mode 4, vehicles autonomously select their resources without the assistance of the cellular infrastructure.
To this aim, they use the sensing-based SPS scheduling scheme specified in Release 14 [12] [13] . A vehicle reserves the selected resource(s) for a random number of consecutive packets. This number depends on the number of packets transmitted per second (λ), or inversely the packet transmission interval. For λ=10Hz, 20Hz and 50Hz, this random number is selected between 5 and 15, between 10 and 30, and between 25 and 75, respectively. When a vehicle needs to reserve new resources, it randomly selects a Reselection Counter. After each transmission, the Reselection Counter is decremented by one. When it is equal to zero, new resources must be selected and reserved with probability (1-p res ) where p res ϵ [0,0.8] . Each vehicle includes its packet transmission interval and the value of its Reselection Counter in its SCI. Vehicles use this information to estimate which resources are free when making their own reservation to reduce packet collisions. The process to reserve resources is organized in the following 3 steps.
Step 1. When a vehicle v t needs to transmit a new packet and the Reselection Counter is zero, vt has to reserve new resources within a Selection Window. The Selection Window is the time window between the time the packet has been generated (tb) and the defined maximum latency (Fig. 1, right  part) . The maximum latency is 100ms for λ=10Hz, 50ms for λ=20Hz and 20ms for λ=50Hz [12] . Within the Selection Window, the vehicle identifies the resources it could reserve. A resource is a group of adjacent sub-channels within the same sub-frame where the packet (SCI+TB) to be transmitted fits.
Step 2. Vehicle v t then creates a list L A of available resources it could reserve. This list includes all the resources previously identified in Step 1 except those that meet the following two conditions: 1) v t has received in the last 1000 sub-frames an SCI from another vehicle indicating that it will utilize this resource in the Selection Window or any of its next Reselection Counter packets.
2) vt measures an average Reference Signal Received Power (RSRP) over the resource higher than a given threshold.
Vehicle vt also excludes all the resources of sub-frame fi in the Selection Window if v t was transmitting during any previous sub-frame fj, where j=i-100ꞏk and k ϵ N, 1 ≤ k ≤ 10 for λ=10Hz 2 .
After
Step 2 is executed, LA must contain at least 20% of all the resources initially identified in the Selection Window during Step 1. If not, Step 2 is iteratively executed until the 20% target is met. In each iteration, the RSRP threshold is increased by 3dB.
Step 3. v t creates a list of candidate resources L C that includes the resources in L A that experienced the lowest average RSSI (Received Signal Strength Indicator). The size of L C must be equal to the 20% of all the resources in the Selection Window identified during Step 1. The RSSI value is averaged over all the previous t R -100ꞏj sub-frames (j ϵ N, 1 ≤ j 1 pres is usually set equal to 0 [14] . This value is assumed in this study. 2 For λ=20Hz, j=i-50ꞏk and k ϵ N, 1 ≤ k ≤ 20. For λ=50Hz, j=i-20ꞏk and k ϵ N, 1 ≤ k ≤ 50. Average RSSI for resource R T-100 ms T-1000 ms ≤ 10) for λ=10Hz 3 ( Fig. 1) . Vehicle vt then randomly chooses one of the candidate resources in L C , and reserves it for the next Reselection Counter transmissions.
III. TRANSMISSION ERRORS IN C-V2X MODE 4
C-V2X Mode 4 transmissions can encounter the following four mutually exclusive errors that are analytically quantified in the next section: 1) Errors due to half-duplex transmissions (HD). The C-V2X radio is half-duplex. This error is then produced when a packet cannot be received by a vehicle because the vehicle is transmitting its own packet in the same sub-frame. This type of error does not depend on the distance between transmitter and receiver, but just on the probability that two vehicles select the same sub-frame to transmit their packets. The probability of not correctly receiving a packet due to this effect is here referred to as δHD:
2) Error due to a received signal power below the sensing power threshold (SEN). This error is produced when a packet is received with a signal power below the sensing power threshold P SEN , and hence it cannot be decoded. This error mainly depends on the transmission power, the sensing power threshold, the propagation and the distance between transmitter and receiver. This type of error excludes those quantified in 1). The probability of not correctly receiving a packet due to this effect is here referred to as δ SEN :
3) Error due to propagation effects. In this case, a packet is received with a signal power higher than PSEN, but the received SNR (Signal to Noise Ratio) is not sufficient to guarantee the correct reception of the packet. This type of error does not consider interferences and collisions (i.e. it is only due to propagation), and hence depends on the same factors as 2) plus also on the MCS. In this study, this type of error excludes those quantified in 1) and 2). The probability of not correctly receiving a packet due to this effect is here referred to as δ PRO :
4) Error due to packet collisions (COL). This error is produced when a vehicle transmits on the same resource (i.e. the same sub-channel and sub-frame) than another vehicle, and the interference generated prevents the correct reception of the packet by the receiver due to insufficient SINR (Signal to Interference and Noise Ratio). It depends on the configuration and operation of the SPS scheme of C-V2X Mode 4, as well as on the transmission parameters, the propagation, distance between transmitter and receiver and traffic density. In study, this type of error excludes those quantified in 1), 2) and 3). 
IV. ANALYTICAL MODELS This section analytically quantifies the four possible transmission errors in C-V2X Mode 4, and derives an analytical model of the PDR as a function of the distance between transmitter and receiver. To this aim, we consider a highway scenario with multiple lanes where vehicles are separated by 1/β meters (i.e. a traffic density of β vehicles per meter). All vehicles periodically transmit λ packets per second on the same 10MHz channel with transmission power P t . We consider that all packets have the same size (B bytes) and are transmitted using the same MCS.
To derive the analytical expressions, we consider that vehicle v t will act as transmitter, and vehicle v r as receiver. Both vehicles are separated by a distance d t,r . The analytical models proposed consider that a packet is correctly received if none of the identified types of error occur. Since these errors are exclusive, the PDR can be calculated as: 
We can normalize the probability of each type of error, and express the PDR as:
where
Appendix A shows how to derive eq. (5) from eq. (6) using eq. (6.1)-(6.4). Table I identifies the sub-sections and equations used to describe each of the four types of error. This table can be used as a reference by the reader to follow the description of the analytical models. Table II also lists the variables and parameters used to derive and describe the models. 
A. Half-duplex errors
The probability that two vehicles cannot receive their packets because of the half-duplex effect does not depend on their distance, the C-V2X Mode 4 SPS scheme, or the channel occupancy. Two vehicles have certain probability of selecting the same sub-frame for transmitting their packets. This probability depends on the number of packets transmitted per vehicle per second, λ, and the number of sub-frames within a second. Considering 1ms sub-frames, the probability of not receiving a packet due to the half-duplex effect can be approximated by the following equation:
This effect is local and only affects those vehicles transmitting in the same sub-frame, i.e. vehicles transmitting in other sub-frames can still receive the packets.
B. Errors due to a received signal power below the sensing power threshold
To calculate the probability of receiving a packet with a signal power below the sensing power threshold, we take into account the pathloss (PL) and shadowing (SH). The pathloss represents the average signal attenuation with the distance between transmitter and receiver (dt,r) and is typically modeled with a log-distance function. The shadowing represents the effect of obstacles on the signal attenuation, and is modeled with a log-normal random distribution with zero mean and variance σ. The received signal power Pr at the receiver is hence a random variable that can be expressed as:
, ,
where P t is the transmission power, PL(d t,r ) is the pathloss at the distance dt,r, and all variables are in dB. The probability that the received signal power is lower than the sensing power threshold PSEN is: power at a distance dt,r. The shadowing follows a log-normal random distribution, so the PDF of the received signal power can be expressed as:
The combination of eq. (9) and (9.1) results in that the probability that the received signal power at dt,r is lower than the sensing power threshold is equal to:
where erf is the well-known error function. 1-δ SEN is the PSR (Packet Sensing Ratio), and eq. (10) can be generalized to compute the PSR at any distance d:
C. Error due to propagation
The probability that a packet is lost due to propagation effects depends on the PHY layer performance of the receiver. This performance is modeled in this study using the link level performance reported in [15] , and represented by means of Look-Up Tables (LUTs) . These LUTs provide the Block Error Rate (BLER) as a function of the SNR for a given packet size, MCS, scenario (highway or urban), and relative speed between transmitter and receiver. To model transmission errors due to propagation effects, we consider that the SNR at a receiver is a random variable expressed in dB as:
where N 0 is the noise power. At a given distance between transmitter and receiver, PL is constant, and therefore SNR follows the same random distribution as SH but with a mean value equal to Pt -PL -N0. The probability that a packet is lost due to propagation effects can hence be expressed as:
In eq. (13) 
D. Errors due to packet collisions
This error is produced when a given interfering vehicle (v i ) transmits on the same sub-frame and sub-channel than the transmitting vehicle (v t ), and the interference generated prevents the correct reception of the packet by the receiver (v r ). Both conditions must happen to lose a packet due to packet collision. This error depends on the link level performance, the sensing-based SPS scheduling scheme defined in C-V2X Mode 4, the scenario, and the distances between vehicles v t , v r and v i . Fig. 2 summarizes the steps followed to compute the probability of packet loss due to collisions (δ COL ). This probability can be computed as a function of the probability that a vehicle v i provokes a packet loss due to collision ( i COL  ) with the following equation:
v i can provoke a packet loss due to collision if v t and v i simultaneously transmit using the same resource, and the interference generated by v i is such that it will provoke the packet loss. The probability of packet loss due to a collision provoked by vehicle v i can then be expressed as:
pSIM(dt,i) is the probability that vt and vi simultaneously transmit using the same resource. p INT (d t,r ,d i,r ) represents the probability that the interference generated by vi on the receiver v r is higher than a threshold that would provoke that if v t and v i simultaneously transmit using the same resource, then the packet cannot be correctly received at v r . p INT (d t,r ,d i,r ) depends on the scenario, the link level performance and the distances between the transmitter and receiver (d t,r ) and between the interferer and the receiver (di,r). On the other hand, pSIM(dt,i) depends on the MAC operation and configuration (i.e. on the sensing-based SPS scheduling scheme), as well as on the propagation conditions and the distance between v t and v i . Fig. 2 . Main steps to calculate the probability of packet loss due to collision.
D1. Probability pINT(dt,r,di,r) that interference is higher than threshold
To calculate pINT(dt,r,di,r), we assume that the negative effect of the interference received from vehicle v i over the received signal at vr is equivalent to additional noise. The SINR experienced by the receiver v r can be then expressed as:
,
where all variables are in dB or dBm, and Pi is the signal power received by v r from v i . SINR is therefore a random variable that results from the addition of two random variables (Pr and Pi). The PDF of the SINR can hence be obtained from the cross correlation of the PDF of P r and P i [16] . As a result, the probability that the receiver receives a packet with error due to low SINR (i.e. low P r and/or high P i ) is:
This equation includes the packets that could not be received due to propagation effects, i.e. those packets that would have been lost even without the interference received from vi. Since these packets were already considered in δPRO, we need to perform the following normalization to only consider those packets that are lost due to collisions in pINT: ) represents the probability that the transmitting vehicle v t and an interfering vehicle vi transmit simultaneously in the same resource, i.e. in the same sub-channel and the same sub-frame. Fig. 3 shows the main steps needed to calculate the probability p SIM (d t,i ), and that are explained next. Fig. 3 serves as a guide for the reader to follow the process. Fig. 3 . Main steps followed to calculate the probability that vt and vi transmit using the same resource. The figure includes all the steps carried out while executing Steps 2 and 3 of the sensing-based SPS scheme, and the steps needed to calculate the weighting factor that represents the impact of Step 2 and Step 3 in the selection of the candidate resources.
To calculate pSIM(dt,i), we need the following definitions (see Fig. 4) . N is the total number of resources in all subframes contained in the Selection Window. NE is the number of resources excluded in Step 2 of the sensing-based SPS scheme of C-V2X Mode 4. NA is the number of assignable resources, i.e. those resources that were not excluded by Step 2 (i.e. NA is equal to the size of list LA, and NA=N-NE). NC is the number of candidate resources that could be used by the transmitting vehicle after Steps 2 and 3, and is therefore equal to the size of list LC. NC is equal to the 20% of N [2] . Since we assume a constant traffic density, vehicles are uniformly distributed in the scenario and have the same transmission parameters, all vehicles have the same N, N E , N A and N C . To reduce the complexity of the analytical model, we separate the derivation of pSIM(dt,i) under Steps 2 and 3 of the sensing-based SPS scheme. This approach is motivated by the fact that it is not always necessary to take into account both Steps as it is next explained:
Step 3 has limited effect on the resource selection process when the channel load is high. This is the case because when the channel load is high, Step 2 excludes most of the resources, and the size of the list of available resources L A is equal to the 20% of all resources in the Selection Window.
Step 3 builds the list of candidate resources L C from list L A . The size of L C must be equal to the 20% of all resources in the Selection Window. Thus, when the channel load is high, Step 3 will not modify the resources selected by Step 2 (Fig. 5a) . As a result, when the channel load is high, we can compute p SIM (d t,i ) as the probability that vehicles v t and v i transmit simultaneously in the same resource when only Step 2 is executed: [2] , ,
Step 2 has limited effect on the resource selection process when the channel load is low. When the channel load is low,
Step 2 would exclude only a few resources to build the list of available resources LA.
Step 3 would build the list of candidate resources L C by selecting from L A those resources with the lowest average RSSI over the last 1000 sub-frames.
Step 3 is able to exclude the resources that Step 2 would exclude, and the same L C could be obtained even if Step 2 was not executed (Fig. 5b) . The utility of Step 2 is hence limited when the channel load is low. In this case, p SIM (d t,i ) can be computed as the probability that vt and vi transmit simultaneously in the same resource when only Step 3 is executed: [3] , , Step 2 and Step 3 need to be considered for intermediate channel load levels. Under intermediate channel load levels, we model the probability of packet collision p SIM (d t,i ) as: [2] [3] , ,
where α є [0,1] is a weighting factor that represents the impact of Step 2 and Step 3 in the selection of the NC candidate resources. As previously discussed, if the channel load is high, α=1 because only Step 2 has an influence on the resources selected and Step 3 is not needed. If the channel load is low, α=0 because only Step 3 is needed. The specific value of α depends on the channel load, which is measured in this study using the CBR (Channel Busy Ratio) that represents the average number of resources sensed as busy. The C-V2X Mode 4 simulator described in Section V has been utilized to derive α through simulation. To this aim, Step 2 increases RSRP threshold (white arrow) until 20% of N resources are assignable (a) High load
Step 2 selects a high amount of resources
Step 3 does not modify the selection
Step 3 would select the same resources even if
Step 2 was not executed Fig. 6 as dots). The value of α has been derived considering a wide range of transmission parameters and traffic densities. To derive pSIM(dt,i), we derive first [2] , ( )
, which represent the probability that vehicles v t and v i transmit using the same resource when only Step 2 or Step 3 are executed, respectively. If only Step 2 was executed, each vehicle would create its set of candidate resources LC by randomly selecting them from its set of assignable resources LA (i.e. there is no Step 3 to select the resources with lowest RSSI). Each vehicle then randomly selects the resource that will be used to transmit a packet from the set of NC candidate resources. As a result, the probability that two vehicles select the same resource for transmission depends on the number of candidate resources that they have in common. This number is here referred to as the number of common candidate resources CC. Fig. 7 illustrates the concept of CC. Since the NC candidate resources are selected from the N A assignable resources, C C depends on the number of common assignable resources CA (Fig. 7) , i.e. on how many resources the L A lists of vehicles v t and vi have in common. In turn, CA depends on the number of common excluded resources, C E (Fig. 7) . C E represents the resources excluded by both vehicles vt and vi. We need to compute the number of common excluded, assignable and candidate resources (CE, CA and CC) for vehicles vt and vi in order to calculate the probability that v t and v i transmit using the same resource. Fig. 7 . Illustration of common excluded (CE), assignable (CA) and candidate (CC) resources for two vehicles. [2] , ( )
depends on the number of common candidate resources between vehicles v t and v i , which depends on the distance between the two vehicles, CC(dt,i). It also depends on the probability ps(dt,i) that vt and vi do not take into account their respective transmissions before selecting a new resource. This can occur if the two vehicles cannot sense each other. It can also occur when v t and v i select their resources nearly at the same time, and hence they cannot take into account each other's selection as they have not been able yet to sense any packet transmitted using the newly selected resource. The probability that vehicles vt and vi transmit using the same resource when only Step 2 of the sensing-based SPS scheme is executed can then be expressed as:
If the two vehicles are not able to take into account their respective transmissions, the probability that they simultaneously select a given resource that belongs to their set of candidate resources is 2 1 / C N . Eq. (23) is obtained by multiplying this probability by the number of common candidate resources and the probability that they do not take into account their respective transmissions. p s (d t,i ) depends on the probability that the transmitting and interfering vehicles (v t and vi, separated by a distance dt,i) are able to sense their respective transmissions, which is represented by the Packet Sensing Ratio PSR(dt,i) (see eq. (11)). It also depends on the average number of consecutive packet transmissions τ for which each vehicle has to use the same resource 4 . We model the relationship between p s (d t,i ), PSR(d t,i ), and τ as follows:
If the transmitting and interfering vehicles (v t and v i ) are out of each other's sensing range (i.e. PSR(dt,i)=0), they will not detect their respective transmissions and hence p s (d t,i )=1. When both vehicles are close to each other and PSR(dt,i)=1, they will detect each other and can consider their previous transmissions in the resource selection process. This is however not possible if one of the two vehicles has to select a resource, and the other vehicle has just selected its resource but has not yet made any transmission using the newly selected resource. This effect occurs with probability 1/τ, and therefore decreases as τ increases.
To compute [2] , ( )
is a function of the number of common assignable resources CA(dt,i). When
Step 3 is not executed, CA(dt,i) is equal to the number of assignable resources that both the transmitting vehicle v t and the interfering vehicle v i did not exclude in Step 2 of the sensing-based SPS scheme. Since vehicles randomly select their resource from their set of assignable resources when Step 3 is not modeled, the relationship between C C (d t,i ), C A (d t,i ), the number of candidate resources NC, and the number of assignable resources NA is: 
Using Fig. 7 , it is possible to relate C A (d t,i ) and
N is the total number of resources in the Selection Window, and can be computed as follows considering that there are 1000 sub-frames per second:
where S is the number of sub-channels per sub-frame, and λ is number of packets transmitted per vehicle per second. To compute C A (d t,i ), we need to calculate C E (d t,i ) and N E . NE depends on the traffic density, the total number of resources in the Selection Window, the transmission power and the scenario, and is here estimated 5 as:
where SPSR represents the average number of vehicles that a vehicle could sense in the Selection Window if there were no packet collisions. SPSR can be estimated considering that a packet transmitted by a vehicle located at a given distance d is sensed if its received signal power is higher than the sensing power threshold. A vehicle located at a short distance would be sensed with probability PSR(d)=1, but a vehicle at a large distance will be sensed with probability PSR(d)=0. Vehicles at intermediate distances will be sensed with probability 0<PSR(d)<1. SPSR can be then estimated as function of the packet sensing ratio with the following equation:
where β is the traffic density in vehicles/m. This equation considers the theory of the Riemann sum to take out the traffic density from the PSR summation.
To calculate CE(dt,i), let's consider that a vehicle vk is transmitting in a given resource. The probability that two vehicles (vt and vi) exclude the resource used by vehicle vk depends on their distance to v k (d t,k and d i,k respectively), and is equal to PSR(dt,k)ꞏPSR(di,k). In the considered traffic scenario, this probability can also be expressed as PSR(dt,i+di,k)ꞏPSR(di,k). If vt and vi are at the same location, they would exclude approximately the same resources because they would sense the transmissions of approximately the same vehicles. However, if vehicles v i and v t are separated by long distances, the resources excluded by each one of them can be considered independent. In this case, the proportion of common excluded resources between both vehicles tends to NE/N, and therefore the number of common excluded resources C E tends to N E 2 /N. We can then compute C E for vehicles vt and vi separated by a distance dt,i as: 5 This approximation has been validated through simulations using the C-V2X Mode 4 simulator presented in Section V.
The relationship between CC, CA and CE is maintained whether we consider Step 2 or Step 3 of the sensing-based SPS scheme. As a result, eq. (24) to (28) and (29.1) to (30.2) obtained for Step 2 are also valid to compute [3] , ( )
. This is not the case for the expression of NE that needs though to be computed when only Step 3 is executed. In this case, L C is built from the assignable resources, and Step 3 excludes the resources with the highest average RSSI experienced during the last 1000 sub-frames. When the channel load is high, it is possible that Step 3 excludes more than 80% of the resources. Since the size of L C must be equal to 0.2ꞏN, if more than 0.8ꞏN resources are excluded, Step 3 must consider as assignable certain resources that it had previously excluded until filling LC.
Step 3 includes in LC the resources with the lowest average RSSI that it had previously excluded until L C is filled. This process is equivalent to increasing the sensing power threshold from P SEN to certain P SEN +nꞏΔ where n is a positive integer and Δ is certain small increment in dB. We need to find the minimum value of n that reduces the number of excluded resources to less than 0.8ꞏN. This is equivalent to finding the minimum value of n that satisfies the following relation:
Eq. (32.1) considers a 2β factor instead of β as in eq. (29.1). This is the case because Step 3 needs to take into account the number of different resources occupied in the last 1000 sub-frames. In 1000 sub-frames, each vehicle transmits in 2 different resources on average (i.e. it will perform one resource re-selection per second on average). For example, for λ=10Hz, each vehicle performs a resource selection every (5+15)/2=10 packet transmissions on average, i.e. every 1000 sub-frames or 1000ms. To take this effect into account in Step 3, we have estimated S PSR (i.e. the average number of vehicles that could be sensed if there were no packet collisions) considering that the traffic density β is doubled. Given that the PSRn function monotonically decreases as n increases, we can solve the problem by evaluating increasing values of n, starting at n = 0. Once the minimum value of n that satisfies eq. (32) is found, the number of excluded resources that will not be part of LC can be approximated as:
is then computed following eq. (31), and using eq. eq. (24) to (28) (d t,i ) . The probability of packet loss due to collisions (δCOL) is then computed following eq. (14) . Finally, the PDR is computed using eq. (5) where δHD, δSEN, δPRO and δCOL are obtained from eq. (7), (10), (13) and (14), respectively.
V. MODEL VALIDATION

A. Framework and Simulation Environment
The proposed C-V2X Mode 4 analytical models have been implemented in Matlab 6 The implementation is released at: https://github.com/msepulcre/C-V2X SUMO. SUMO models the mobility of vehicles using the Krauss car following model that maintains a safe distance between a vehicle and its vehicle in front, and selects the speed of vehicles so that vehicles can stop safely and avoid rear-end collisions. The mobility of vehicles has been generated for the highway scenario considered in this study, and following the parameters specified in Table III . The simulator implements the complete MAC of C-V2X Mode 4 including the sensing-based SPS scheme and the Winner+ B1 propagation model recommended by the European project METIS for D2D/V2V [17] . The physical layer performance is modelled through the link level LUTs presented in [15] .
The comparison between the analytical models and the simulations is conducted considering that vehicles transmit packets at λ=10Hz with a transmission power Pt=20dBm and an MCS using QPSK and a coding rate of 0.7. This setting results in that each packet occupies 10 RBs, and there are hence 4 sub-channels per sub-frame. However, the models have been validated for other transmission power levels, different packet transmission frequencies, and an MCS using QPSK and a coding rate of 0.5 (2 sub-channels per subframe). Table III summarizes the main parameters considered for the validation, and that follow the 3GPP guidelines for the evaluation of C-V2X Mode 4 [18] . The simulations consider a highway of 5km with 4 lanes (2 lanes per driving direction) and vehicles moving at 70km/h. To avoid boundary effects, statistics are only taken from the vehicles located in the 2km around the center of the simulation scenario.
The accuracy of the proposed analytical models is estimated using the Mean Absolute Deviation (MAD) metric that quantifies the absolute difference between two vectors of M elements, m s and m a : Fig. 8a shows that the analytical model is capable to provide an accurate PDR for low and high traffic densities, and hence channel load levels.
The proposed analytical models have also been evaluated for different transmission power levels. Fig. 8a depicted the PDR for Pt=20dBm, and Fig. 8b depicts it for Pt=23dBm. For the later, the analytical CBR ranged from 0.27 (β=0.1veh/m) to 0.69 (β=0.3 veh/m). Fig. 8b shows again that the PDRs obtained with the proposed analytical model closely match the ones obtained by simulation.
Another important parameter that influences the operation and performance of C-V2X Mode 4 is the number of packets transmitted per second per vehicle, λ. This parameter influences the number of sub-frames within the Selection Window, and the channel load and interference experienced by all vehicles. Fig. 8c shows the PDR obtained for P t =20dBm and λ=20Hz for 3 traffic densities. The figure shows once more the close match between the PDRs obtained by simulation and using the proposed analytical models. For β=0.3 veh/m, the channel load was so high (analytical CBR of 0.85) that the proposed model slightly deviates from the simulation results (6.5% mean absolute deviation). However, it is important to consider that such high CBR levels would compromise the system's stability and scalability, and should hence be avoided using congestion control mechanisms. In fact, relevant studies recommend that the target CBR for V2X systems using IEEE 802.11p should be in the range of 0.6-0.7 [19] and ETSI recommends a default maximum CBR of 0.5 [20] . The 3GPP has not defined yet a target CBR for C-V2X. The MCS influences the link level performance of C-V2X, the number of RBs that each packet occupies, and hence the number of sub-channels per sub-frame. The previous results were obtained with a MCS using QPSK and a coding rate of 0.7 (4 sub-channels per sub-frame). Fig. 8d shows the PDRs obtained with a MCS using QPSK and a coding rate of 0.5 (2 sub-channels per sub-frame). Fig. 8d demonstrates the validity of the presented analytical models for different MCS and number of sub-channels per sub-frame. The PDR is shown for traffic densities of 0.1, 0.2 and 0.3 veh/m that correspond to analytical CBR levels of 0.44, 0.74 and 0.86.
The accuracy of the proposed analytical models to calculate the probability of packet loss due to the different errors identified has also been evaluated. Fig. 9 depicts the probability of packet loss due to collisions as a function of the distance between transmitter and receiver for P t =20dBm, λ=10Hz, 4 sub-channels per sub-frame, and different traffic 7 CBR levels analytically estimated using eq. (34).
densities. Fig. 9 shows that the proposed analytical model is also capable to accurately quantify this type of packet errors as its performance closely matches that obtained through simulations. The same accuracy is observed for different traffic densities. Fig. 9 shows that the probability of losing a packet due to collisions has a maximum around 350-400m. This is the distance at which the hidden-node problem causes higher degradation in this scenario. Fig. 10 shows the probability of losing a packet due to the half-duplex effect, due to a received signal power below the sensing power threshold and due to the propagation. The probabilities are shown as a function of the distance between transmitter and receiver for P t =20dBm, λ=10Hz and 4 subchannels per sub-frame. These probabilities are independent of (a) Pt=20dBm, λ=10Hz, 4 sub-channels/sub-frame (QPSK 0.7).
(b) Pt=23dBm, λ=10Hz, 4 sub-channels/sub-frame (QPSK 0.7).
(c) Pt=20dBm, λ=20Hz, 4 sub-channels/sub-frame (QPSK 0.7).
(d) Pt=20dBm, λ=10Hz, 2 sub-channels/sub-frame (QPSK 0.5) Fig. 8 . PDR as a function of the distance between transmitter and receiver for different traffic densities. Fig. 10 shows again a good match between the values obtained by simulation and using the analytical models. The probability of losing a packet due to the halfduplex effect (Fig. 10a) depends on the duration of C-V2X sub-frames and the number of packets transmitted per second. However, it does not depend on the distance between transmitter and receiver or the traffic density. The probability of losing a packet due to propagation (Fig. 10a) is almost null at short distances, and has a maximum at around 450m to the transmitter. At higher distances, this probability decreases because most of the packets cannot even be detected due to a received signal power below the sensing power threshold. In fact, the probability of losing a packet because its received signal power is below the sensing power threshold increases as the distance to the transmitter increases (see Fig. 10b ).
The accuracy of the proposed analytical models is analyzed in Tables IV, V and VI. The tables report the MAD metric for the PDR and the four possible transmission errors in C-V2X mode 4 under different conditions. The MAD metric is utilized to compare the results obtained analytically and through simulations. The MAD metric is shown for different transmission power levels, traffic densities, packet transmission frequencies, and number of sub-channels per sub-frame (or MCS). The tables also show in the last column the CBR level (analytically estimated) for each combination of parameters reported in the tables. The results obtained show that the PDR estimated analytically (using the models presented in this paper) differs on average by less than 2.5% compared to the PDR obtained through simulations in all scenarios where the CBR is below 0.8. In many cases, the deviation is smaller than 1%, which demonstrates the high accuracy that can be achieved with the proposed analytical models. The tables show that the type of error that has a higher contribution to the MAD of the PDF is actually the error due to packet collisions; this type of error was the most difficult to model due to the operation of C-V2X Mode 4 and its sensingbased SPS scheme. 
VI. CONCLUSIONS
This paper has presented the first analytical models of the communication performance of C-V2X or LTE-V Mode 4. In particular, the paper has presented models of the average PDR as a function of the distance between transmitter and receiver, and of the four types of transmission errors that can be encountered in C-V2X Mode 4 communications. The models are validated in this paper for a wide range of transmission parameters (transmission power, packet transmission frequency, and MCS) and traffic densities. To do so, the paper compares the results obtained with the analytical models to those obtained with a C-V2X Mode 4 simulator implemented over the Veins platform. The conducted analysis has shown that the analytical models are capable to accurately model the C-V2X Mode 4 communications performance. In fact, the mean absolute deviation of the results obtained with the analytical models is generally below 2.5% compared with the results obtained by simulation. The analytical models hence represent a valuable tool for the community to evaluate and provide insights into the communications performance of C-V2X Mode 4 under a wide range of parameters.
This work paves the way for further studies and evolutions of C-V2X Mode 4. For example, the 3GPP standard does not specify concrete values for some of the parameters that define the operation and configuration of C-V2X Mode 4. In fact, ETSI is currently defining the default configuration of C-V2X Mode 4 parameters, and a detailed analysis of the optimum configuration of C-V2X Mode 4 is needed for the future deployment of C-V2X technologies. Also, different studies have highlighted possible inefficiencies of C-V2X Mode 4 to Fig. 9 . Probability COL ˆo f packet loss due to collisions as a function of the distance between transmitter and receiver for Pt=20dBm, λ=10Hz, 4 subchannels/sub-frame (QPSK 0.7) and different traffic densities.
(a) Errors due to HD and propagation (b) Errors due to signal power below sensing power threshold Fig. 10 . Probability of losing a packet due to (a) HD and propagation effects, and due to a received signal power below sensing power threshold (b). Pt=20dBm, λ=10Hz and 4 sub-channels/sub-frame (QPSK 0.7). Probability Probability Probability
